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WAVELET  TRANSFORMS

ABSTRACT

                     Practically all signals are non-stationary and are encountered with the problem of providing better time and frequency resolutions due to Heisenberg’s uncertainty principle. This paper focuses on Wavelet Transform techniques, which are only a decade old and are providing better resolutions and time-frequency representation of the signals which the old Fourier Transform and revised Short Term Fourier Transform failed. This paper discusses the drawbacks of FT and STFT and how the Wavelet Transforms has overcome them, along with the vast fields of it’s applications. 

INTRODUCTION
                Signals form a crucial part of today’s would as every step that being taken completely depends on producing, receiving, analyzing & retrieving information from them. Practically all this signal that are produced and received have  various frequency components in them which calls for complex analysis methods to squeeze out the information contained. For times bygone, there are several methods being used to study the signals. Transforming   them from one domain to other has succeeded in providing a lot more information. The research then focused on to the methods of transforming the signals to get the best way of information access. The transformation methods can be listed out as fourier transform, laplace transforms, Wigner distribution, Randon process  etc. Among these the fourier transform has been more popular. In this tranformation the signal is represented in frequency domain. The spectrum thus obtained could give a good view of the frequency content of the signal. But to explain which frequency components occur at which time instants, the transformation failed. The signals here are categeorized into two types stating them as stationary and non-stationary. The main difference  between them is that, in stationary signals, the frequency components exist at all times where as in non-stationary signals they exist for certain frequencic instants only. The FT cannot distinguish between these two and hence the ambiguity lies in the reconstruction of the signal. This ambiguity had to be cleared and a lengthy research produced a revised version of FT called Short Term Fourier Transform. The STFT is almost similar to FT ,what it does is it considers a part of the non-stationary signal where  the frequency is same as stationary and applies FT to it. To do so it uses a window function of a predefined width and moves it along the entire signal. This method provides a better insight into the signal.But it could only define what spectral bands exist at definite time intervals which still holds the cloud of ambiguity around it. The only difference between FT and STFT is that the window function is of infinite length in FT and is of finite length in STFT. 

                      To clear this cloud on STFT and provide better resolution. The research switched towards Wavelet  Transforms.Here also a window function is used. But for different spectral bands, different widths of the window function is considered. Though this concept is only a decade old, it is opening up new doors into looking through the signals and is getting applied successfully in many fields.  

                                  THE  FOURIER  TRANSFORM

                  In 19th century, the French mathematician J.Fourier, showed that any periodic function can be expressed as an infinite sum of periodic complex exponential functions. FT decomposes a signal to complex exponential functions of different frequencies. It is defined by the following equations:

                                                            
(              ((j(ft

                                                     X(f) = ( x(t)( e     dt

                                                                      ((
                                                                       (                      2j(ft
                                                      x(t) = ( X(f) ( e       df

                                        -(
     Here t stands for time, f stands for frequency, x denotes the signal in time domain, X denotes the signal in frequency domain. X(f) is called the fourier transform of the signal and x(t) is called the Inverse Fourier transform of X(f). Here the signal x(t) is multiplied with an exponential term, at some certain frequency “f ” and then integrated over all times.To understand  this all times  we have to take look over Stationary signals and Non-Stationary signals.

Signals whose frequency content do not change in time are called stationary signals . For example look at the following signal
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Figure 1 

And the following is its FT:

[image: image2.png]400

200

400

200

200 300

400

500

i)

60
Frequency, Hz

80

100

120




Figure 2

The top plot in Figure 2 is the frequency spectrum of the signal in Figure 1. The bottom plot is the zoomed version of the top plot, showing only the range of frequencies that are of interest to us. Note the four spectral components corresponding to the frequencies 10, 25, 50 and 100 Hz. 
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Contrary to the signal in Figure 1, the following signal is not stationary. Figure 3 plots a signal whose frequency constantly changes in time. This signal is known as the "chirp" signal. This is non-stationary. 

And the following is its FT:                                       [image: image3.png]150
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                                                                    Figure 4 


 In the above figure, the ripples represent smaller frequency components. The larger amplitudes constitute the higher frequency components of the signal which last for a short duration. Relatively the lower frequencies exist for longer time. The two frequency spectra in Fig 2 and 4 are almost same having the same frequency components of 10, 25, 50, 100 Hz. The main difference is that in Fig2 they last for all times while in Fig4 they last only at specific instants.  

 Now lets get back to our Fourier Transforms: 

By the definition of Fourier transforms, the given signal is multiplied with an exponential signal and then integrated over minus infinity to plus infinity. If the result of this integration is a large value, then the signal x(t) has a dominant spectral component at frequency f. If the integration result is a small value, the signal does not have a major frequency component. If the integration result is zero, the signal does not contain the frequency f at all. From the figures 1,2,3 and 4 we can see that, though the frequency spectrum of both the signals is same the signals have great differences. FT cannot distinguish between these signals. Here lies its major draw back which creates problems during reconstruction of the signal.

So we can conclude that FT gives information about what frequency components exist, but nothing about at what times these frequency components occur.

To overcome this drawback of FT the researchers came up with a revised version of FT called                   SHORT TERM FOURIER TRANSFORM.

                                 THE SHORT TERM FOURIER TRANSFORM 

 The non-stationary signals have different frequencies at different intervals of time. So, some part of the signal, until where the frequency is constant can be taken as stationary. To do this, a window function of width equal to the time interval is chosen and multiplied with the signal. To this signal again FT is applied. This is a revised version of  FT  and is called  SHORT TERM FOURIER TRANSFORM.

       The window function is first located at time t=0, which will overlap with the first T/2 seconds portion of the signal. Then the obtained signal is integrated over all times as is done in FT. The next step is to shift the window to a new location, multiply with the signal and then integrate over all times. This process is repeated until the end of the signal is reached. The equation hence can be given as:

                                                                                                                                   -j2(ft                

                  STFT (t(, f) = ( [ x(t) ( w(( t- t( )]( e          dt

         In the above equation, is the signal, w(t)  is the window function, and ( is the complex conjugate. The STFT of the signal is nothing but the FT of the signal multiplied by a window function. For every t( and f a new STFT coefficient is computed. Let us take the example of a Gaussian function ( because it’s FT is also Gaussian ).

                                                               
 The Gaussian like functions in the figure are the windowing functions. The first one shows the window located at t1(, the second shows t2( and third one shows the window locate at t3(. These will correspond to three different FTs  at three different times. Therefore we will obtain a true time-frequency representation of the signal. Since the transform is a function of  both time and frequency ( unlike ,FT which is a function of frequency only), the transform would be two dimensional as the following one:  
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in this signal, there are four frequency components at different times. It’s STFT is:
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This is a two dimensional plot with time and frequency along X and Y axis. There are four peaks corresponding to four different frequency components. This four peaks are located at different time intervals along time axis. Now we have a true time-frequency representation of the signal which tells not only what frequency components exist but also at which instances. Though  this is what is desired, the implicit problem of STFT is not obvious in this example.

The problem of STFT lies in Heisenberg’s uncertainity principle which states that one cannot know exact time-frequency representation of the signal i. e one cannot know what spectral components exist at what instants of time. What one can know are the time intervals in which certain band of frequencies exist, which is a resolution problem. The problem with the STFT has something to do with the width of the window function that is used. Technically, this width of the window function is known as the support of the window. If the window function is narrow, then it is known as compactly supported.

In FT there is no resolution problem in frequency domain. Conversely, time resolution in the FT and the frequency resolution in the time domain are zero, since we have no information about them. The Kernel or the exponential function which lasts from minus infinity to plus infinity. In STFT, the window is of finite length, thus it covers only a portion of the signal, which causes the frequency resolution to get poorer.

In FT, the kernel function allows us to obtain perfect frequency resolution, because kernel itself is a window of infinite length. In STFT, window is of finite length, and we don’t have perfect frequency resolution. In order to obtain stationarity, we have to have a short window in which, the signal is stationary. The narrower the window the better the time resolution, and better assumption of stationarity the frequency resolution is poorer. Let us look at a few examples to understand this better:

The window function we use is simply a Gaussian function in the form:

                                         W(t) = exp( -a * (t^ 2 ) /2): 
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     Here, a determines the width of the window,and t is the time. The above figure shows four window functions of varying regions of support, detemined by the value of a.                                                                                                       

The STFT of the first signal: we expect it to have a very good time resolution but relatively poor frequency resolution. The four peaks are well separated from each other in time. In frequency domain, every peak covers a range of frequencies instead of a single frequency value
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. Lets make the window wider and observe its STFT.
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Here, the peaks are not well separated from each other in time. However in frequency domain, the resolution is much better. Further increase in the width of the window has:


Here the time resolution is absolutely poor  where as the frequency resolution gets better.

These examples show that narrow windows give good time resolution, but poor frequency resolution. But, wide windows give good frequency resolution, but poor time resolution. Furthermore wide windows may violate the condition of stationarity. Here the problem is choosing the window function, once and for all, and use that window in the entire analysis. If the frequency components are well separated from each other in the original signal, then we have to sacrifice some frequency resolution and go for good time resolution. This proves to be quite a significant drawback of STFT when it comes to the analysis of practical signals which are highly non-stationary. The wavelet transform comes to play here! The wavelet transform solves the dilemma of resolution to certain extent.

                                          THE WAVELET TRANSFORMS

MULTIRESOLUTION ANALYSIS:
      Although the time and frequency resolution problems are results of a physical phenomenon i. e Heisenberg’s uncertainity principle, and exist regardless of the transform used, it is possible to analyze any signal by using an alternative approach called MULTIRESOLUTION ANALYSIS. MRA, by its name, analyses the signal at different frequencies with different resolutions. Every spectral component is not resolved equally as in the STFT. It is designed to give good time resolution and poor frequency resolution at high frequencies and good frequency resolution and poor time resolution at low frequencies. This approach makes sense especially when the signal has high frequency components for short durations and low frequency components for long durations. Practically the signals that are encountered are often of this type.

The wavelet transform provides the time-frequency representation. Often times a particular spectral component occurring at any instant can be of particular interest. In these cases it may be very beneficial to know the time intervals these particular spectral components occur. Wavelet transform is capable of providing the time and frequency information simultaneously, hence giving a time-frequency representation of the signal.

 The working of wavelet is as follows:

We pass the time-domain signal from various high pass and low pass filters, which filters out either high frequency or low frequency portions of the signal. This procedure is repeated, every time some portion of the signal corresponding to some frequencies being removed from the signal. Then we have a bunch of signals, which actually represent the same signal, but all corresponding to different frequency bands. We know which signal corresponds to which frequency band, and if we put all of them together and plot them on a 3-D graph, we will have time in one axis, frequency in the second and amplitude in the third axis. This will show us which frequencies exist at which time (there is an issue, called "uncertainty principle", which states that, we cannot exactly know what frequency exists at what time instance, but we can only know what frequency bands exist at what time intervals.

The uncertainty principle, originally found and formulated by Heisenberg, states that, the momentum and the position of a moving particle cannot be known simultaneously. This applies to our subject as follows:

We cannot know what spectral component exists at any given time instant. The best we can do is to find what spectral components existing at any given interval of time. This is a problem of resolution, and it is the main reason why researchers have switched to WT from STFT. STFT gives a fixed resolution at all times, whereas WT gives a variable resolution. Higher frequencies are better resolved in time, and lower frequencies are better resolved in frequency. This means that, a certain high frequency component can be located better in time than a low frequency component. On the contrary, a low frequency component can be located better in frequency compared to high frequency component.

THE CONTINUOUS WAVELET TRANSFORM:
The continuous wavelet transform was developed as an alternative approach to the short time Fourier transform to overcome the resolution problem. The wavelet analysis is done in a similar way to the STFT analysis, in the sense that the signal is multiplied with a function, similar to the window function in the STFT, and the transform is computed separately for different segments of the time-domain signal.

 However, there are two main differences between the STFT and the CWT: 

1. The Fourier transforms of the windowed signals are not taken, and therefore single peak will be seen corresponding to a sinusoid, i.e., negative frequencies are not computed. 

2. The width of the window is changed as the transform is computed for every single spectral component, which is probably the most significant characteristic of the wavelet transform. 

The continuous wavelet transform is defined as follows

[image: image10.png]CWT¥(r,8) = ¥¥(r,s) =





In the above equation , the transformed signal is a function of two variables, tau and s , the translation and scale parameters, respectively. psi(t) is the transforming function, and it is called the mother wavelet . The term mother wavelet gets its name due to two important properties of the wavelet analysis as explained below: 

The term wavelet means a small wave . The smallness refers to the condition that this (window) function is of finite length (compactly supported). The term mother implies that the functions with different region of support that are used in the transformation process are derived from one main function, or the mother wavelet. In other words, the mother wavelet is a prototype for generating the other window functions. 

The term translation is used in the same sense as it was used in the STFT; it is related to the location of the window, as the window is shifted through the signal. This term, obviously, corresponds to time information in the transform domain. However, we do not have a frequency parameter, as we had before for the STFT. Instead, we have scale parameter which is defined as (1/frequency). The term frequency is reserved for the STFT.

The term scale in the wavelet analysis is similar to the scale used in maps. As in the case of maps, high scales correspond to a non-detailed global view (of the signal), and low scales correspond to a detailed view. Similarly, in terms of frequency, low frequencies (high scales) correspond to a global information of a signal whereas high frequencies (low scales) correspond to a detailed information of a hidden pattern in the signal that usually lasts a relatively short time.

Let x(t) is the signal to be analyzed. The mother wavelet is chosen to serve as a prototype for all windows in the process. All the windows that are used are the dilated (or compressed) and shifted versions of the mother wavelet. Once the mother wavelet is chosen the computation starts with s=1 and the continuous wavelet transform is computed for all values of s , smaller and larger than “1”. 

The analysis will start from high frequencies and proceed towards low frequencies. This first value of s will correspond to the most compressed wavelet. As the value of s is increased, the wavelet will dilate. The wavelet is placed at the beginning of the signal at the point which corresponds to time=0. The wavelet function at scale “1” is multiplied by the signal and then integrated over all times. The result of the integration is then multiplied by the constant number 1/sqrt(s). This multiplication is for energy normalization purposes so that the transformed signal will have the same energy at every scale. The final result is the value of the transformation, i.e., the value of the continuous wavelet transform at time zero and scale s=1 

The wavelet at scale s=1 is then shifted towards the right by tau amount to the location t=tau , and the above equation is computed to get the transform value at t=tau , s=1 in the time-frequency plane. This procedure is repeated until the wavelet reaches the end of the signal. Then, s is increased by a small value. Since this is a continuous transform, both tau and s must be incremented continuously . This corresponds to sampling the time-scale plane. The above procedure is repeated for every value of s. When the process is completed for all desired values of s, the CWT of the signal has been calculated. The figures below illustrate the entire process step by step.
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In the above figure, the signal and the wavelet function are shown for four different values of tau . The signal is a pictorial version of the signal given as the equation of CWT. The scale value is 1 , corresponding to the lowest scale, or highest frequency. The blue window is very compact in the above figure. It should be as narrow as the highest frequency component that exists in the signal. Four distinct locations of the wavelet function are shown in the figure at to=2 , to=40, to=90, and to=140 . At every location, it is multiplied by the signal. Obviously, the product is nonzero only where the signal falls in the region of support of the wavelet, and it is zero elsewhere. By shifting the wavelet in time, the signal is localized in time, and by changing the value of s , the signal is localized in scale (frequency).

The continuous wavelet transform of the signal in figure will yield large values for low scales around time 100 ms, and small values elsewhere. For high scales, on the other hand, the continuous wavelet transform will give large values for almost the entire duration of the signal, since low frequencies exist at all times.

As the window width(s) increases, the transform starts picking up the lower frequency components. As a result, for every scale and for every time (interval), one point of the time-scale plane is computed. The computations at one scale construct the rows of the time-scale plane, and the computations at different scales construct the columns of the time-scale plane.

The resolution problem was the main reason why we switched from STFT to WT. The illustration in the following figure explains how time and frequency resolutions can be interpreted.
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Every box in the figure corresponds to a value of the wavelet transform in the time-frequency plane.

Although the widths and heights of the boxes change, the area is constant. That is each box represents an equal portion of the time-frequency plane, but giving different proportions to time and frequency. At low frequencies, the height of the boxes are shorter which corresponds to better frequency resolutions, but their widths are longer which correspond to poor time resolution. At higher frequencies the width of the boxes decreases, i.e., the time resolution gets better, and the heights of the boxes increase, i.e., the frequency resolution gets poorer. 

Regardless of the dimensions of the boxes, the areas of all boxes, both in STFT and WT, are the same and determined by Heisenberg's inequality . As a summary, the area of a box is fixed for each window function (STFT) or mother wavelet (CWT), whereas different windows or mother wavelets can result in different areas. That is, we cannot reduce the areas of the boxes as much as we want due to the Heisenberg's uncertainty principle. On the other hand, for a given mother wavelet the dimensions of the boxes can be changed, while keeping the area the same. This is exactly what wavelet transform does.

APPLICATIONS

 After having a overview of what is Wavelet transform and how it works in giving a good time-frequency representation of the signal, we can expect the range of its vast applications.Some of its applications are listed below:

 1. Digital Image processing:

· Image analysis

· Image enhancement and Restoration

· Image and data compression

· Biometrics and Forensic services

 2. Medical Imaging:

· Disease Diagnosis

· CT Reconstruction

· Wavelet Denoising

· Local Tomography 

 3. Image Coding

 4. Multi resolution image display

 5. Geo-information exchange

 6. Invisible water marking schemes

 7. Foveated  image quality measurement

 And many more…………… 
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